The design of a fibre-optic sensor able to measure high-precision angular displacements is presented. The sensor has a small size which allows easy integration in miniature mechanical systems. Two configurations are designed: lens-free configuration and GRIN micro-lens configuration for which the micro-lens is fixed on the tip of the probe. The experimental results obtained by the angular displacement sensor based on the lens-free configuration are compared with the simulation results based on the modelling of the system and a good agreement is found. Then, a long-range measurement technique is described. In the 'lens-free and long-range configuration', the limit of resolution is measured (2 × 10 −3• ) or calculated (4.8 × 10
Introduction
The measurement of angular displacements (or inclinations) is very important in many fields, either in industry or research. For example, in industry it is used to control the direction of cars, the kinematics of robot arms, the tilt angles of aircrafts, etc. Moreover, this kind of measurement can be integrated into precision rotation stages to control the angular positioning of the optical and/or mechanical components.
Different techniques can be employed to measure angular displacements. Interferometric methods are certainly the more precise over small ranges but these techniques have limitations for their integration in miniature mechanical systems. These interferometers can be based on the Michelson principle with a mirror in the measuring arm having an angular movement [1] . The linearity of the measurement using this principle was improved [2] , and in one of the latest studies the sensor is much more robust to the variation of physical parameters (temperature, pressure, etc) surrounding the measuring arm of the interferometer [3] . This sensor is able to measure with a high precision (10 −6 radians) but over a short range (0.5 • ). Based on a modified Michelson architecture, a sensor having a smaller size uses a 2 × 2 fibre coupler as a main component [4] . The precision is one order of magnitude lower than that in Wu and Chuang [3] , but the range is enlarged up to 5
• as compared to 0.5
• .
Optical systems using the triangulation method can be another way to measure angular displacements. This method is based on the light transmitted [5] or reflected [6] by a mirror. In case of miniaturization of these kinds of sensors, they can be fabricated using conventional [5] or silicon-based micro-fabrication techniques [7] . Whatever the choice of fabrication is, it is difficult to have a miniature system with a high resolution and long range. In [5] , the sensor precision remains low and in [7] the range is too small.
With the help of a setup based on the refractive law, Wu et al demonstrate a high-resolution tilt sensor with a potential size reduction [8] . However, the range is small due to the choice of the detection technique based on the calculation of the centroid of the light spot detected by the help of a CMOS image sensor.
Fibre-optic sensors offer the possibility of reducing strongly the part of the sensor which interacts with the mechanical system. The interaction can take place by a direct contact with the fibre [9] [10] [11] . Most of the times, these studies are based on fibres in which a Bragg grating was etched. These kinds of sensors are limited in range but are very precise. Concerning non-contact techniques, Wu demonstrated that it is possible to reach a 1 μrad resolution with a fibre-optic noncontact measurement but on a very limited range because the application was to detect the movement of an atomic force microscope cantilever [12] . In that experiment, a 2 × 2 fibre coupler was used. With another strategy based on the moiré-fringe effect, Kim designed an interesting non-contact fibreoptic sensor. The sensor was designed for civil structures applications [13] . However, due to the small size of the sensor head (33 × 33 × 48 mm 3 ), it has the potential to be used for tilt or angular displacement measurements in miniature mechanical systems.
Some other researchers have designed sensors which are able to measure the linear and angular displacements but not at the same time. In [14, 15] the systems have a large size but in [16] the micro-fabrication techniques helped the miniaturization with high performances for linear displacement measurement. Finally, two systems based on the fibre-optic bundle (or fibre-optic probe) [17, 18] demonstrate the possibility of non-contact measurement of two measurands. Concerning the angular displacement, in [17] the sensor reaches a middle range (±10
• ) with a low precision (0.8
• ), while in [18] the sensor precision was 0.5 mrad (0.03 • ) over a short range of 20 mrad (1.15
• ).
In this work a fibre-optic sensor is designed to allow highresolution angular measurements over a long range. Due to a small-size fibre-optic probe, a minimal invasive measurement is possible in the proximity of miniature mechatronic systems. Two configurations are presented: the first configuration has a long range whereas the second configuration has a shorter range but the limit of resolution is low for the second configuration. For the second configuration, a GRIN microlens (GRaded INdex micro-lens) is attached to the tip of the probe.
In the first part of this study, the measurement principle is presented. Then the modelling is described and the experimental setups of the emission and reception systems are detailed. After that, a comparison between modelling and experimental results is shown and the range and limit of resolution for the two configurations are measured. Finally, the use of this small-size sensor to determine the unknown stroke of a miniature electromagnetic actuator is demonstrated. 
Measurement principle
A light intensity modulated sensor placed in the front of a mirror (named 'rotating mirror') is described in figure 1 (a). The mirror is able to rotate around an axis. The light emitted by a light emitting diode (LED) is injected into the emission fibre and guided to the mirror. This emission fibre is placed at the centre of a five-fibre-optic probe ( figure 1(b) ). After the reflection of the light by the mirror, the light is injected in four reception fibres placed around the emission fibre in the probe and then the light is guided to a two-quadrant photodiode.
In figure 1(b) , the axis ZZ is the axis of symmetry of the two fibre-optic couples (R 1 and R 2 ) and (R 3 and R 4 ). Due to this configuration, the detection of inclinations around the axis (ZZ ) of the mirror located in front of the fibre-optic probe is possible by the analysis of the signals coming from the fibreoptic couples (R 1 , R 2 ) and (R 3 , R 4 ) [19] .
When the mirror is moved along the light propagation axis without any rotation, the response of the sensor as a function of displacement is shown in figure 2 . In this case, the output voltage is the sum of each reception fibre-optic signal. The detail of the measurement principle can be found in [20] .
During the experiments conducted in this study, measurement of angular displacements must not be affected by the linear displacement response of the sensor. Therefore, the working distance between the fibre-optic probe and the mirror having an angular displacement was chosen to be d w for which the linear displacement sensitivity was found null (figure 2). Another critical point which must be kept in consideration while measuring the angular displacements is to match the ZZ probe symmetry axis with the zz rotation axis of the mirror ( figure 3(a) ). If it is not the case, undesirable linear displacement d 0 will be added to the angular displacement α ( figure 3(b) ).
Modelling
In order to avoid modelling the rotating mirror in front of the probe of the angular displacement sensor, the virtual image model is used. In this model a second probe is considered which is inclined with the angle 2α when the mirror rotates with an angle α ( figure 4(a) ). Then, by considering this second virtual probe, it is no longer necessary to model the mirror. Then, the problem can be reduced to the detection of a part of the light emitted by the emission fibre of the real probe accepted by the reception fibres of the virtual probe which rotate around the emission fibre of the real probe ( figure 4(b) ). The comparison of the four detected fluxes allows the determination of the angle α. The goal of the modelling is to calculate the flux d 
where • d is the elementary solid angle which corresponds to a surface element of reception fibre dS seen by a surface element of emission fibre dS, • dS is the surface element of the emission fibre, • dS is the surface element of the reception fibre,
• θ E is the angle between the normal vector of dS ( − → N E ) and the ray which links the centre of dS and dS (figure 4(b)), • θ R is the angle between the normal vector of dS ( − → N R ) and the ray which links the centre of dS and dS (figure 4(b)).
In (1), L(θ E ) and A(θ R ) must be known. Two calibration experiments were done to determine these quantities.
Calibration experiment 1
The angular flux diagram E ( E ) = f ( E ) was measured with the help of the setup described in figure 5 . From this quantity, the radiance of the emission fibre can be determined. The fibre optic (numerical aperture: 0.46, diameter: 240 μm) was rotated over the range ± E , and the flux was detected for each value of E by a photodiode with an active area of less than 1 mm in diameter. The photodiode was located far away from the emission fibre in order to get a highly resolved flux diagram.
In figure 5 , E is the angle between the normal vector of the emission fibre ( − → N E ) and the ray which links the emission fibre and the reception fibre surfaces.
The flux d 2 E can be written as follows:
and after integration as (3):
The angle θ E and L(θ E ) can be considered as constant over the entire surface of the emission fibre S because the distance between the emission fibre and the photodiode (150 mm) is several orders of magnitude higher than the photodiode diameter (240 μm). As a consequence, (3) becomes (4):
Considering the solid angle d (5),
Then, the radiance L( E ) is determined:
where E ( E ) is measured. The quantities S and S are the emission and reception surfaces respectively.
Calibration experiment 2
In this calibration experiment a fibre optic (numerical aperture: 0.46, diameter: 240 μm) was located 150 mm away from a light emitting diode (LED) and was coupled to a photodiode. The tip of the fibre which faces the LED was rotated over the range ± R (figure 6). The flux emitted by the LED, LED , was constant whatever the value of R and it was measured with a power meter, and the flux collected by the fibre, R ( R ), was also measured with the help of the photodiode. With the help of these measurements, the coupling function A(θ R ) was obtained.
In figure 6 , R is the angle between the normal vector of the reception fibre ( − → N R ) and the ray which links the reception fibre and the emission fibre surfaces.
The distance between the LED and the fibre was large enough as compared to the fibre diameter as was the case in calibration experiment 1. As a consequence, the angle θ LED was close to zero (cos θ LED ≈ 1) and θ R could be considered constant all over the surface of the fibre. Then, the hypothesis θ R = R can be considered and A(θ R ) = A( R ).
The flux detected by the photodiode can be expressed as (8): (8) and after integration as (9):
where dS LED is a surface element of the active surface of the LED and d is the solid angle seen by the fibre. The radiance L LED (θ LED ) and the coupling function are constant when (8) is integrated over the solid angle and the surface of the LED. Finally the flux detected by the photodiode is (10):
Flux collected by the fibre-optic couples (R 1 , R 2 ) and (R 3 , R 4 )
The total flux received by the two-quadrant photodiode of the angular displacement sensor was calculated in the following manner. The surfaces of the emission and reception fibres were divided into triangles (surface elements). For a given triangle of the emission fibre, the flux detected by each surface element of one reception fibre was calculated using equations (1), (7) and (10) with a solid angle considered at a finite distance. Then the calculation was repeated for each surface element of the emission surface. The sum of these elementary fluxes gave the total flux collected by one reception fibre which was equivalent to the half-flux of a quadrant of the two-quadrant photodiode (11):
This calculation was repeated for the three other reception fibres. Summing the fluxes collected by reception fibres R 1 and R 2 (respectively R 3 , R 4 ), the flux reaching a quadrant of the two-quadrant photodiode was obtained. The relative positions of the reception fibres to the centre of the emission fibre can now be defined in such a manner as to calculate independently the flux of the reception fibres. These calculations were done for a given inclination of the mirror. Then, all other inclinations were considered (variation of the values of θ E and θ R ) and the total flux for each quadrant of the photodiode was obtained as a function of the displacement angle of the rotating mirror.
Experimental setup
The probe used was made of five PMMA (poly(methyl methacrylate)) fibres with diameter equal to 2 mm and length equal to 15 mm (Omron product E32-D32). One of the fibres (emission fibre: core diameter = 486 ± 10 μm, 'core+cladding' diameter = 500 ± 10 μm, numerical aperture = 0.46) was placed at the centre of the probe and four fibres (reception fibres: core diameter = 240 ± 10 μm, 'core+cladding' diameter = 250 ± 10 μm, numerical aperture = 0.46) were placed around the central fibre. The real distribution of the fibres in the probe is shown in figure 7 . The central fibre was connected to a Hamamatsu 6112-01 LED (central wavelength: 670 nm ± 10 nm; optical power = 9 mW for 70 mA forward current over a range of ±10
• ) and the four reception fibres were connected to a silicon quadrant photodiode from CENTRONIC (QD7-5T). The four initial quadrants were joined two by two to provide a two-quadrant device. The sensitivity of each two-quadrant was greater than 0.4 A W −1 at 670 nm. The experimental setup was divided into two systems: the emission and the detection systems. These systems are detailed in figure 8 : the emission system which includes a video alignment technique necessary to match the zz rotation axis of the mirror and the ZZ probe axis of symmetry is described in figure 8(a) , and the detection system is given in figure 8(b) . The mirror was placed over a high-resolution automatic rotation stage (Newport SR50CC) in order to achieve controlled angular displacements.
Emission system
The principle of measurement based on the comparison of the intensities of fibre couples R1, R2 with R4, R3 is no longer valid when the axes Z Z and z z are not superimposed as shown in figure 9(a) . Then, using the CCD sensor as a reference for the angular position, the probe orientation was settled in the way shown in figure 9 (b). For this purpose, a video alignment system composed of two sub-systems was conceived to reach the ideal positioning of the probe facing the rotating mirror M. The first sub-system (dotted lines in figure 8(a) ) was used to settle the CCD sensor (640 pixels × 480 pixels) and to orientate it in such a way that the axis of the camera (x x) was parallel to the plane of the table and perpendicular to the optical axis of the subsystem. This was possible by the use of a laser focused with the help of lens (L 2 ), and the laser spot was moved along the x x axis with a rotating mirror M . This CCD sensor became the angular positioning reference and it was used to supervise the superposition of the axes of the probe and the rotating mirror M.
The second sub-system (continuous lines in figure 8(a) ) was a telecentric two-lens system (L 1 , L 2 ) that optically conjugates the emission tip of the probe of the angular displacement sensor and the CCD sensor with a magnification γ t 1 (γ t 1 = −3.5) in order to get a full-screen image on the active surface of the CCD sensor. Then, the right orientation and centring of the probe were ensured by this sub-system and additional tilting elements. The resulting error in orientation and centring was 1 pixel in each direction (z z and x x). After this, the probe was moved back in order to settle the rotating mirror M in front of it to perform the angular displacement measurements. If a new calibration is necessary, the mirror M can be easily removed and the first sub-system will be ready to use.
Detection system
In figure 8(b) , the lens system (L 3 , L 4 ) optically conjugates the detection tip of the probe and a two-quadrant photodiode. Each quadrant of the photodiode is independent of the other and detects the signal coming from one couple of reception fibres ((R 1 , R 2 ) or (R 3 , R 4 )). The optical magnification γ t 2 (γ t 2 = −1.92) was chosen to adapt the image size of the fibre-optic couples with the quadrants' size. Positioning of the reception fibre couples' images with the quadrants of the photodiode was controlled by an additional optical system (lenses L 4 and L 5 , beam splitter and CCD sensor). In addition, synchronous detection was used to improve the signal to noise ratio of the detection system. 
Results and discussion

Configuration without a micro-lens
The SR50CC rotation stage was moved with a speed of 2
over a range of 50 • (±25 • ) and the output voltage of each quadrant of the photodiode was recorded at 100 Hz frequency with a 16 bit digital acquisition board. The angle value obtained from the optical encoder integrated in the SR50CC rotation stage was synchronized with the quadrant output voltage acquisition.
In the experiment shown in figure 10 , no micro-lens was fixed on the probe. For zero inclination (0 • ), the same quantity of light was collected by the two couples of fibre optic. When the mirror was moved from this position in a given orientation, one of the two fibre optic couples was more illuminated which creates a peak of output voltage.
It is clear in figure 10 that the sensitivity on the whole range for each signal detected (left or right fibres) is nonlinear. In the case of linearization of the output voltage, the maximal linear sensitivity is found in the range [+6.5
• , +15. A good agreement is found between the experimental and the simulation results. It can be observed that the curves are not perfectly superimposed because of the remaining error in the positioning of the fibres in the probe after using the video alignment technique. Another effect may arise from the trapezoidal speed profile of the rotation stage used for the experiment. This effect can create a difference in the results at the early start and at the far end of the range of the angular displacement sensor. However this difference stays low.
The noise level when the mirror M was inclined with an angle included in the range [+6.5
• , +15.5
• ] is given in figure 11 and the rms value is ± 0.16 mV. Taking into consideration this value and the value of the sensitivity obtained for the range [+6.5
• ], the limit of resolution is calculated (5.2 × 10 −4• ). The steps shown in figure 12 correspond to angular displacements of 2 × 10 −3• which is the limit of resolution of the rotation stage used in the experimental setup. It can be observed that this measure is far from the limit of resolution of the angular displacement sensor.
Configuration with a GRIN micro-lens
Another configuration was tested. A GRIN (graded index) micro-lens (diameter = 2 mm, length = 15 mm) was fixed on the emission tip of the probe in order to focus the light on the rotating mirror M to improve the sensitivity. The results of this experiment in the range [−20
• , +20
• ] are shown in figure 13 . The best linear sensitivity is found in the range [−3
• , +1
• ] with the mean value of 1327 mV/deg. The root mean square (rms) criterion of linearity is ±0.90% FSO where the full scale output (FSO) is 5.308 V. Considering the rms noise level given in figure 11 and the mean value of the sensitivity found in the range [−3
• ], the limit of resolution is calculated (2.4 × 10 −4• ). As a conclusion, the addition of a GRIN micro-lens improves the sensitivity by a factor 2 but reduces the range of the angular displacement sensor.
The difference in the amplitude of the peaks in figure 13 can be observed which comes from the centring and/or tilting errors of the positioning of the GRIN micro-lens on the emission tip of the probe during the fixation process by glue. Because the micro-lens focuses the light, a little error can create a big difference in the amplitude of the peaks. However, the best linear sensitivity of the angular displacement sensor is slightly affected by this problem.
Long-range measurement
In a special use, the angular displacement sensor in the lensfree configuration can be used over a long range. Figure 14(a) shows the curves of the instantaneous sensitivities of the left and right fibre couples which are defined as the 'sliding' angle derivative of the output voltage at seven points. One can observe that the left and right fibre couples' sensitivities pass through zero but not for the same angular displacement. Then, it is possible to switch from one output voltage to the other when one of the sensitivities is close to zero. In that way, the maximal sensitivity is chosen for each angular displacement so that the resulting sensitivity remains different from zero in a long range ( figure 14(b) ).
For 
Determination of the unknown stroke of a miniature electromagnetic actuator
Due to the small size of the fibre-optic probe the angular displacement sensor was integrated very close to a miniature electromagnetic actuator in order to determine its unknown stroke. This actuator is presented in figure 15 .
The actuation principle uses the Lorentz force created by a current passing through an electric wire which is placed close to a permanent magnet. To allow a long stroke, a number of parallel wires are used and put together in a flat coil made of copper and the current which passes through the coil interacts with an array of ten small NdFeB magnets (1 mm × 1 mm × 10 mm). The magnetization of each permanent magnet is equal to 1.22 T and two neighbours have magnetizations with opposite signs. The actuator has two linear motors each composed of a coil and a magnet array. When the linear motors are actuated in opposite sense, the miniature electromagnetic actuator rotates around the axis (figure 15) between two • ). The fibre-optic probe was located at a distance d w in front of the flat mirror placed on the miniature electromagnetic actuator, and the angular displacements were measured. The setup used to calibrate the unknown stroke of this actuator with the angular displacement sensor is presented in figure 16 .
The axis and the axis of rotation of the automatic SR50CC rotation stage were superimposed by the use of the three translation stages ( figure 16 ). Two of them were used in the first direction (shown in figure 16 ) to get the sufficient stroke to remove the entire display in the case of probe adjustment by the video alignment system. The third translation stage (not present in figure 16 ) realized the fine positioning in the orthogonal direction (light propagation direction).
The measurement of the unknown stroke of the miniature electromagnetic actuator was done in two steps. Firstly the SR50CC rotation stage rotates from −13
• to +13
• . Then, the rotation stage was placed at the 0
• position (given by the optical encoder integrated in the stage) and the miniature electromagnetic actuator performed a rotation around the axis between its two extreme positions. After that, the output voltages of these two experiments were compared and the abscissa of the second measurement was identified. The stroke [−8
• , +8
• ] of the miniature electromagnetic actuator was measured ( figure 17) .
Constant values can be observed in figure 14 at the two ends of the stroke of the miniature electromagnetic actuator. There is no meaning to these values. The reason is that the output voltages were still acquired even when the actuator was stopped at the extreme positions.
Conclusion
An angular displacement fibre-optic sensor having a miniature probe was presented. Two configurations were designed: the 'lens-free configuration' and the 'GRIN micro-lens configuration' for which a micro-lens was fixed on the emission tip of the probe.
The modelling of the lens-free configuration was presented in detail and good agreement was found between the experimental and the simulation results. The addition of the micro-lens at the emission tip provides an improvement of the sensitivity of the measurement by a factor 2 but the fixation is critical.
By switching for instance from the 'fibres from left' signal to the 'fibres from right' signal, when the instantaneous sensitivity of the angular displacement measure stays different from zero, the range must not always be linearized in a short range. In this long-range mode, the limit of resolution was measured (3 × 10 −3• ) over a range of [−23.4
• , +23.4
• ] for the 'lens-free configuration'. This limit of resolution is limited by the high-precision rotation stage performances used in the setup. The calculated limit of resolution (4.8 × 10 −4• ) was obtained for the highest instantaneous sensitivity equal to 0.665 V/deg. For the 'GRIN lens configuration', the best limit of resolution was decreased to 2.2 × 10 −4• but over a smaller range of [−14.5 • , +14.5 • ]. In that case, the instantaneous sensitivity was improved to 1.443 V/deg. The integration of this kind of sensor in a mesosystem is easier and cheaper than an interferometric sensor even if the performances are decreased. It was demonstrated that the sensor in the 'lens-free configuration' was able to measure the unknown stroke of a miniature electromagnetic actuator thanks to its miniature probe size by a comparison of two sets of measurements obtained by the SR50CC rotation stage (reference actuator) and the miniature electromagnetic actuator. The stroke of the actuator was determined with the value [−8
• ].
